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For multipartite states we consider a notion of D-symmetry. For a system of N qubits it concides
with usual permutational symmetry. In case of N qudits (d ≥ 3) the D-symmetry is stronger
than the permutational one. For the space of all D-symmetric vectors in (Cd)⊗N we define a basis
composed of vectors {|RN,d;k〉 : 0 ≤ k ≤ N(d − 1)} which are analog of Dicke states. The aim of
this paper is to discuss the problem of separability of D-symmetric states which are diagonal in the
basis {|RN,d;k〉}. We show that if N is even and d ≥ 2 is arbitrary then a PPT property is necessary
and sufficient condition of separability for D-invariant diagonal states. In this way we generalize
results obtained in [1, 2]. Our strategy is to use some classical mathematical results on a moment
problem [3].
I. INTRODUCTION
Quantum theory is the primary mainstay of our un-
derstanding and formal description of Nature. The phe-
nomenon of quantum correlations, especially entangle-
ment, is believed to be most amazing and eluding the
schemes of classical thinking. Multiannual conceptual
efforts to grapple the ”spooky actions for separated dis-
tance systems” began with the fundamental work of Ein-
sten, Podolski and Rosen [4] and continue until this day.
Despite of the knowledge we possess today, quantum cor-
relations still remain a great mystery. In particular, it
is not easy to recognize the type of correlation we work
with, even in a bipartite system.There exist just a few cri-
teria to detect entanglement. The most famous is Peres-
Horodecki criterion [5, 6] which states that if state is non
PPT then it is entanglement (PPT-positive partial trans-
position criteria). It turns out that this is necessary and
sufficient condition only for the low dimensional systems,
i.e. C2 ⊗ C2 and C2 ⊗ C3.
In last decade the problem of separability of per-
mutationally symmetric states was intensively analyzed
[1, 2, 7–9]. The question how to define generalized Dicke
states for qudits arises. Some authors [10] consider a nat-
urally choosen basis for the bosonic subspace of (Cd)⊗N
in this context. We propose another approach. Instead
of the full bosonic subspace of permutationally symetric
vectors in the tensor product we define a smaller sub-
space of D-symmetric vectors. It is defined as the im-
age of a D-symmetrizator PD which has the property
PDPS = PSPD = PD, where PS stands for the usuall
symmetrizator. It follows that for d = 2 the space of D-
symmetric vectors is nothing but the bosonic subspace
of (Cd)⊗N . Moreover, it is possible to define a basis of
the D-symmetric subspace which for d = 2 coincides with
the basis of Dicke states. In next section the details of
our construction can be found as well as some possible
physical motivation for this.
It was observed by several authors [2, 9] that there is
a strong connection between separability and PPT prop-
erty for mixtures of Dicke states. It was even conjectured
that PPT property is sufficient for separability of such
states. It turns out to be true for qubits [1]. For general
qudits, when one considers the basis of bosonic subspace,
it is no longer true [10]. The aim of our paper is to show
that the conjecture is still true when one considers the
basis of D-symmetric states as a generalization of Dicke
states.
The paper is organized as follow. Firstly, the notion
of D-symmetry is discussed (Section II). We also define a
D-symmetric analog of Dicke states. In Section III we re-
call the seprability problem and formulate the appropri-
ate notion of PPT property in the context of multipartite
systems. Section IV is devoted to characterization of D-
symmetric separable states, while in Section V we provide
a description of entanglement witnesses for D-symmetric
systems. Next, we formulate the generalized moment
problem and recall a description of the complete solution
of it (Section VI). In Section VII we provide conditions
characterizing diagonal restricted Dicke states satisfying
PPT property, while in Section VIII we characterize sep-
arable diagonal Dicke states. Finally, in Section IX we
formulate main theorem (Theorem 9) which states for an
even number of qudits sperability of diagonal restricted
Dicke states is equivalent to PPT property with respect
to the half of subsystems.
II. D-SYMMETRY OF MULTIPARTITE STATES
Let d ≥ 2 and N ≥ 2 be fixed numbers. For 0 ≤
i1, . . . , iN ≤ d−1 the N -tuple (i1, . . . , iN) will be denoted
shortly by i. Let |i| = i1 + . . . + iN . For an N tuple i
and a number k ∈ {0, 1, . . . , N(d−1)} we will write i ⊢ k
when |i| = k. We define
(
N
k
)
d
= #{i : i ⊢ k} for k =
0, 1, . . .N(d − 1). Observe that
(
N
k
)
2
=
(
N
k
)
where
(
N
k
)
2stands for the usual Newton binomial coefficient. There
is no simple formula for
(
N
k
)
d
for d > 2. However, the
following recurrence formula is valid
(
N
k
)
d
=
min{k,d−1}∑
j=0
(
N − 1
k − j
)
d
(1)
This is a generalization of the basic formula determining
the Pascal triangle for d = 2.
For an N -tuple i = (i1, . . . , iN) let |i〉 = |i1, . . . , iN〉
be an element of the standard orthonormal basis in
(Cd)⊗N . By PS we denote standard symmetriza-
tor acting on (Cd)⊗N , i.e. a projection defined by
PS |i〉 = (N !)
−1
∑
σ∈SN
|σ(i)〉 where SN denotes the
group of permutations of the set {1, 2, . . . , N} and σ(i) =
(iσ(1), iσ(2), . . . , iσ(N)) for σ ∈ SN . The image of PS
is the bosonic subspace of (Cd)⊗N and it is denoted
by
(
(Cd)⊗N
)
sym
. For d = 2 one considers the basis
(|DN,k〉)k=0,1,...,N of
(
(C2)⊗N
)
sym
, where
|DN ;k〉 =
(
N
k
)
PS
(
|0〉⊗(N−k) ⊗ |1〉⊗k
)
. (2)
Following [1, 2] the elements of the basis are called (un-
normalized) Dicke states. This notion was generalized
in [10] for an arbitrary dimension d ≥ 2. In this case
Dicke states are parametrized by systems (k0, . . . , kd−1)
of nonnegative integers such that k0+k1+. . .+kd−1 = N ,
and
|DN,d;k0,...,kd−1〉 = (3)
=
(
N
k0, . . . , kd−1
)
PS
(
|0〉⊗k0 ⊗ . . .⊗ |d− 1〉⊗kd−1
)
We will consider a subspace
(
(Cd)⊗N
)
D
⊂(
(Cd)⊗N
)
sym
which is defined as an image of a
projection PD defined by
PD|i〉 =
(
N
|i|
)−1
d
∑
j⊢|i|
|j〉, (4)
where |i〉 is any element of the standard basis of (Cd)⊗N .
Obviously
PDPS = PSPD = PD. (5)
For fixed N and d, we consider a basis of
(
(Cd)⊗N
)
D
composed of vectors |RN,d;k〉, k = 0, 1, 2, . . . , N(d − 1)
defined by
|RN,d;k〉 =
∑
i⊢k
|i〉 (6)
Elements |RN,d;k〉 will be called restricted (unnormal-
ized) Dicke states. One can easily observe that |RN,2;k〉 =
|DN,k〉 where |DN,k〉 are defined as in (2). Therefore, re-
stricted Dicke states can be regarded as a generalization
of N -qubit Dicke states, which is diffrent from [10].
By |R˜N,d;k〉 we will denote elements of the dual basis
to the basis of restricted Dicke states. One easily checks
that
|R˜N,d;k〉 =
(
N
k
)−1
d
∑
i⊢k
|i〉 =
(
N
k
)−1
d
|RN,d:k〉. (7)
Assume that a system is composed of N bosons with
d levels of excitation each. We make an assumption that
subsequent levels differ by a fixed value. Then |RN,d;k〉
can be interpreted as such a state of the system that the
total number of excitations in all bosons is equal to k.
It can be used to model systems of bosons concentarted
in a small area which behave as single particle and only
total energy can be recognized. Such models were used
to explain the notion of superradiance in quantum optics
[12, 13]
By D we denote the class of states ρ which satisfy the
condition ρ = PDρPD. We will address this property as
D-symmetry of the state ρ. It is stronger than the per-
mutational symmetry in the sense that each D-symmetric
state is automatically a permutationally symmetric one.
Special attention is put on a class of diagonal Dicke
(unnormalized) states [1, 2, 10, 11], i.e. states of the form
ρ =
∑
{kj}
pk0,...,kd−1 |DN,d;k0,...,kd−1〉〈DN,d;k0,...,kd−1 |,
where the summation is over all systems {kj} of inte-
gers such that j = 0, 1, . . . d− 1, kj ≥ 0,
∑
j kj = N , and
numbers pk0,...,kd−1 are nonnegative.
The natural analogs among D-symmetric states are di-
agonal restricted Dicke states which are of the form
ρ =
N(d−1)∑
k=0
pk|RN,d;k〉〈RN,d;k| (8)
for pk ≥ 0.
III. SEPARABILITY PROBLEM
We briefly recall main notions and concepts concerning
the separability problem of states. LetH = H1⊗. . .⊗HN
be a composite system where each subsystem is repre-
sented by a Hilbert space Hj , j = 1, 2, . . . , N . Let ρ
be an (unnormalized) state i.e. ρ ∈ B(H) is a positive
semidefite operator. We say that ρ is fully separable (or
shortly separable) if ρ =
∑
i piρ
1
i ⊗ . . . ⊗ ρ
N
i , for some
states ρji on Hj , j = 1, . . . , N , and some positive num-
bers pi. Whenever ρ does not satisfy this condition it said
to be an entangled state. In general, it is very difficult
to check whether a state is separable.
We say that a Hermitian operator W on H1 ⊗ . . .HN
is an entanglement witness if
〈ψ1 ⊗ . . .⊗ ψN |W |ψ1 ⊗ . . .⊗ ψN 〉 ≥ 0
for every ψ1, . . . , ψN such that ψj ∈ Hj , but W is not a
positive operator. A state ρ is entangled if and only if
3Tr(ρW ) < 0 for some entanglement witness W . In this
case we say that W detects the entanglement of ρ.
Let Tj denote that transposition on the algebra B(Hj).
A bipartite state ρ is said to posses a PPT property
if (T1 ⊗ idH2)ρ is a also a state. We generalize this
property to the multipartite case. Let (m1, . . . ,mN ) ∈
{0, 1}N be a binary system of the lenght N . We say
that a state ρ on H1 ⊗ . . . ⊗ HN has a (m1, . . . ,mN)-
PPT property if (Tm11 ⊗ . . . ⊗ T
mN
N )ρ is also a state,
where T 0j = idj and T
1
j = Tj, i.e. all 1’s in the
system (m1, . . . ,mN ) mark subsytems which are trans-
posed. Clearly, if a state ρ is separable then it has
a (m1, . . . ,mn)-PPT property for every binary system
(m1, . . . ,mn). In general, the converse implication is not
true unless N = 2 and the pair (H1,H2) is one of the
following: (C2,C2), (C2,C3), (C3,C2).
In spite of this general statement there are classes of
states such that PPT property implies separability within
them. For example, as was shown in [1] the class of di-
agonal Dicke states for d = 2 has this property. It was
conjectured in [2]. A natural question arises whether the
same is for the set of Dicke states for any dimension d of
the underlying Hilbert space. It turns out that for d > 2
it is not the case [10]. The aim of our paper is to show
that for the class of diagonal restricted Dicke states PPT
property implies separability.
IV. SEPARABLE D-SYMMETRIC STATES
The aim of this section is to characterize separable D-
symmetric states.
Let ρ be a separable state of the form
ρ =
n∑
α=1
λαp
1
α ⊗ . . .⊗ p
N
α , (9)
where piα = |ξ
i
α〉〈ξ
i
α|, i = 1, . . . , N , α = 1, . . . , n, for some
vectors ξiα ∈ H such that ‖ξ
i
α‖ = 1. The result estab-
lished in the next proposition is probably well known.
However, we didn’t find any reference with a complete
proof. Hence, we provide the proof for the readers con-
venience.
Proposition 1 Assume that ρ given by (9) is permuta-
tionally symmetric, i.e. ρ = PSρPS. If all coefficients
λα in (9) are strictly positive then p
i
α = p
j
α for every
α = 1, . . . , n and i, j = 1, . . . , N .
Proof. Let ρα = p
1
α ⊗ . . . ⊗ p
N
α . Observe that for a
projection P , a selfadjoint operator satisfies A = PAP
is and only if 〈η,Aη〉 = 0 for every η ∈ (PH)⊥. So,
if η ∈
(
(Cd)⊗N
)⊥
sym
then 〈η, ρη〉 = 0, and consequently∑
α λα〈η, ραη〉 = 0. Each term in the sum is nonnegative,
hence λα〈η, ραη〉 = 0 for every α. Since λα are nonzero,
〈η, ραη〉 = 0.
Now, fix α and a pair i, j where 1 ≤ i < j ≤ N , and
let
ηi,jα = |ξ
1
α, . . . , ξ
i
α, . . . , ξ
j
α, . . . , ξ
N
α 〉
− |ξ1α, . . . , ξ
j
α, . . . , ξ
i
α, . . . , ξ
N
α 〉.
Then ηi,jα ∈
(
(Cd)⊗N
)⊥
sym
, and 0 = 〈ηi,jα , ραη
i,j
α 〉 = 1 −
|〈ξiα, ξ
j
α〉|
2. The equality |〈ξiα, ξ
j
α〉| = 1 implies that ξ
i
α
and ξjα are linearly dependent, so |ξ
i
α〉〈ξ
i
α| = |ξ
j
α〉〈ξ
j
α|.
Now, assume that the state ρ given by (9) is D-
symmetric. Due to (5) the state ρ is permutationally
symmetric. Hence, by Proposition 1, it is of the form
ρ =
∑
α
λα|ξα〉〈ξα|
⊗N (10)
for some vectors ξα ∈ H , α = 1, . . . , n. We show that
D-symmetry implies a very special form of vectors ξα.
Proposition 2 Assume that ρ given by (10) is D-
symmetric, i.e. ρ = PDρPD. Then for each α = 1, . . . , n,
either
|ξα〉 = |d− 1〉 (11)
or there is a number z ∈ C such that
|ξα〉 = Cz
d−1∑
i=0
zi|i〉, (12)
where Cz =
(∑d−1
i=0 |z|
2
)−1/2
for z ∈ C.
Proof. Arguing as in the proof of Proposition 1 one
shows |ξα〉〈ξα|
⊗N = PD|ξα〉〈ξα|
⊗NPD for every α. Fix α
and let |ξα〉 =
∑d−1
i=0 wi|i〉. Then
ρ =
∑
i,j
wiwj|i〉〈j| (13)
where wi = wi1wi2 . . . wiN for an N -tuple i =
(i1, . . . , iN), and the summation is over all pairs of N -
tuples i, j.
We show that D-symmetry implies the following con-
dition:
∀i, i′ : |i| = |i′| ⇒ ξi = ξi′ . (14)
It follows from (4) that
PD|ξα〉〈ξα|
⊗NPD =
∑
i, j
yi,j|i〉〈j|
where coefficients
yi,j =
(
N
|i|
)−1
d
(
N
|j|
)−1
d
∑
i′,j′
|i′|=|i|, |j′|=|j|
wi′wj′
4depend on numbers |i| and |j| only. Since |ξα〉〈ξα|
⊗N =
PD|ξα〉〈ξα|
⊗NPD, for any N -tuples i, i
′, j, j′, the equali-
ties |i| = |i′| and |j| = |j′| imply wiwj = wi′wj′ . If wi = 0
for every i then the condition (14) is satisfied. Assume
that wi0 6= 0 for some N -tuple i0. If |i| = |i
′|, then
wiwi0 = wi′wi0 , hence wi = wi′ and (14) is proved.
Now, consider two cases. Firstly, assume w0 = 0. Con-
dition (14) implies equality wNi = w
N−2
i wi+1wi−1 for ev-
ery i = 1, . . . , d− 2. Hence, by induction one shows that
wi = 0 for every i = 0, 1, . . . , d − 2, and (11) follows.
Secondly, consider the case w0 6= 0. Again from (14) we
get wiw
N−1
0 = wi−1w1w
N−2
0 for every i = 1, 2, . . . , d− 1.
Hence wi = zwi−1 for i = 1, 2, . . . , d − 1, where z =
w1/w0, and (12) follows.
V. ENTANGLEMENT WITNESSES FOR
D-SYMMETRIC SYSTEMS
In this subsection we deal with the approach to en-
tanglement witnesses for a bosonic systems presented in
[1]. We say that a Hermitian operator W ∈ B((Cd)⊗N )
is an entaglement witness for the D-symmetric system if
W = PDWPD and Tr(Wσ) ≥ 0 for all pure separable
D-symmetric states. Observe that due to results from
previous section every pure separable D-symmetric state
is of the form
σz = C
N
z
∑
i,j
z|i|z|j||i〉〈j| (15)
for some z ∈ C.
The following proposition is a simple consequence of
the hyperplane separation theorem (see [1, Proposition
1]).
Proposition 3 A D-symmetric state ρ is separable if
and only if Tr(Wρ) ≥ 0 for every entanglement witness
W for the D-symmetric system.
Let us remind that |R˜N,d;k〉 denote dual vectors to
|RN,d;k〉, see (7).
Proposition 4 Let n1 =
⌊
N(d−1)
2
⌋
and n2 =⌊
N(d−1)−1
2
⌋
. Let two systems (sk)0≤k≤n1 and (tk)0≤k≤n2
of complex numbers be given. Define
V(s) =
n1∑
k,l=0
sksl| ˜RN,d;k+l〉〈 ˜RN,d;k+l| (16)
U(t) =
n1∑
k,l=0
tktl| ˜RN,d;k+l+1〉〈 ˜RN,d;k+l+1| (17)
Then V(s) and U(t) are entanglement witnesses for D-
symmetric systems.
We provide the proof of the above Proposition in Ap-
pendix A.
VI. MOMENT PROBLEM
Herein, we will recall the concept of moment problem.
It has been shown that methods of the generalized mo-
ment problem are useful in geometry of convex bodies,
algebra and function theory (see for example [3]). Let
(pk)
n
k=0 be a finite sequence of real numbers. We say
that the sequence (pk) is a solution of the generalized
moment problem on the interval [0,∞) [3] if there exists
a positive measure σ with support contained in [0,∞)
such that
pk =


∫ ∞
0
tkdσ(t), k = 0, 1, . . . , n− 1,
∫ ∞
0
tndσ(t) +M, k = n,
(18)
where M ≥ 0. Alternatively, we say that it is a solution
of the strict moment problem on the interval [0,∞) if
it is a solution of the generalized moment problem with
M = 0. The following theorem characterizes solutions of
the generalized moment problem completely. It will be
our main mathematical tool.
Theorem 5 (Chapter V in [3]) A sequence (pk)
n
k=0
is a solution of the generalized moment problem if and
only if the following two Henkel matrices
(pk+l)
n0
k,l=0 =


p0 p1 p2 · · · pn0
p1 p2 p3 · · · pn0+1
p2 p3 p4 · · · pn0+2
...
...
...
...
pn0 pn0+1 pn0+2 · · · p2n0

 ,
(pk+l+1)
n1
k,l=0 =


p1 p2 p3 · · · pn1+1
p2 p3 p4 · · · pn1+2
p3 p4 p5 · · · pn1+3
...
...
...
...
pn1+1 pn1+2 pn1+3 · · · p2n1+1


are positive semidefinite, where n0 = ⌊
n
2 ⌋ and n1 =
⌊n−12 ⌋. If both matrices are strictly positive definite then
the sequence is a solution of the strict moment problem.
VII. CHARACTERIZATION OF PPT
DIAGONAL RESTRICTED DICKE STATES
As we observed in section III, in the multipartite case
there is a family of conditions which are called PPT prop-
erties. They are indexed by the set of binary systems
(m1, . . . ,mN ). One can check that in case of permu-
tationally symetric states all (m1, . . . ,mN )-PPT condi-
tions with fixed m := m1 +m2 + . . .+mN , i.e. number
of subsystems which are transposed, are equivalent (see
Appendix B. Thus, it is enough to consider only PPT
5conditions with first m subsystems transposed, where
m ≤ ⌊N2 ⌋.
We start with the following characterization ofm-PPT
property in terms of the associated Henkel matrices.
Theorem 6 Let m ≤ N2 . The state ρ is m-PPT if and
only if
(a) matrices (pi+j)
m(d−1)
i,j=0 and (pi+j+1)
m(d−1)−1
i,j=0 are pos-
itive definite, when N = 2m,
(b) matrices (pi+j+l)
m(d−1)
i,j=0 , l = 0, . . . , (N − 2m)(d− 1),
are positive definite, when 2m < N .
Proof. According to (8) one has
ρ =
N(d−1)∑
k=0
pk
∑
i⊢k
∑
j⊢k
|i〉〈j|. (19)
Let Γm = T
⊗m ⊗ id⊗(N−m) be the partial transposition
with respect to m first subsystems. Then one can show
(see Appendix C) that
Γm(ρ) =
(N−m)(d−1)∑
s=−m(d−1)
As (20)
where
As =
min{m(d−1),(N−m)(d−1)−s}∑
k,l=max{0,−s}
pk+l+s|Rm,d;k, RN−m,d;k+s〉〈Rm,d;l, RN−m,d;l+s|. (21)
One can observe that As are hermitian and AsAs′ = 0
for s 6= s′. Thus, Γm(ρ) is positive definite if and only if
each As is positive definite. It is equivalent to positive
definiteness of the following Hecke matrices
Ps = (pk+l+s)max{0,−s}≤k, l≤min{m(d−1), (N−m)(d−1)−s}
for all s ∈ {−m(d−1),−m(d−1)+1, . . . , (N−m)(d−1)}.
If A and B are Hermitian matrices, then we will write
A ⊂ B if dimA ≤ dimB, and A is a principal submatrix
of B. Obviously, if A ⊂ B and B is positive definite then
A is positive definite too.
Firstly, let us consider the case 2m = N . We will
show that if the matrices P0 = (pk+l)
m(d−1)
k,l=0 and P1 =
(pk+l+1)
m(d−1)−1
k,l=0 are positive definite then Ps are posi-
tive definite for all s such that −m(d−1) ≤ s ≤ m(d−1).
Assume that s is any even number, i.e. s = 2q. Then
P2q =


(pk+l+2q)
m(d−1)−2q
k,l=0 if q > 0,
(pk+l−2|q|)
m(d−1)
k,l=2|q| if q < 0.
One observes that in both cases P2q = (pk+l)
m(d−1)−|q|
k,l=|q| ⊂
P0, hence P2q is positive definite. For s = 2q+1, we have
P2q+1 = (pk+l+2q+1)
m(d−1)−2q−1
k,l=0 = (pk+l+1)
m(d−1)−q−1
k,l=q
if q ≥ 0, and
P2q+1 = (pk+l−2|q|+1)
m(d−1)
k,l=2|q|+1 = (pk+l+1)
m(d−1)−|q|
k,l=|q|+1
if q < 0. In both cases P2q+1 ⊂ P1.
Now, let us consider the case 2m < N . Assume that
Ps are positive definite for all s such that 0 ≤ s ≤ (N −
2m)(d− 1). For s such that −m(d− 1) ≤ s < 0, one can
use the same arguments as above to show that Ps ⊂ P0
or Ps ⊂ P1. If (N−2m)(d−1) < s ≤ (N−m)(d−1) then
s = (N −2m)(d−1)+2q or l = (N−2m)(d−1)+2q+1.
One has
P(N−2m)(d−1)+2q =
= (pk+l+(N−2m)(d−1)+2q)
m(d−1)−2q
k,l=0
= (pk+l+(N−2m)(d−1))
m(d−1)−q
k,l=q ⊂ P(N−2m)(d−1)
and
P(N−2m)(d−1)+2q+1 =
= (pk+l+(N−2m)(d−1)+2q+1)
m(d−1)−2q−1
k,l=0
= (pk+l+(N−2m)(d−1)−1)
m(d−1)−q
k,l=q+1 ⊂ P(N−2m)(d−1)−1
Thus the proof is complete.
VIII. SEPARABILITY OF DIAGONAL
RESTRICTED DICKE STATES VS. MOMENT
PROBLEM
We start with the following observation.
Lemma 7 If (pk)k=0,1,...,N(d−1) is a geometric sequence
then ρ given by (8) is fully separable.
Proof. Let pk = t
k for k = 0, 1, . . . , N(d − 1) and for
some t > 0. By ω we denote the N(d−1)-th root of 1, i.e.
ω = exp
2pii
N(d− 1) + 1
. Consider the following ”t-dual”
vectors to the computational basis with respect to the
discrete Fourier transform
|αˆ〉 =
d−1∑
i=0
ti/2ωαi|i〉, α = 0, 1, . . . , N(d− 1). (22)
6Now, observe that
1
N(d− 1) + 1
N(d−1)∑
α=0
|αˆ〉〈αˆ|⊗N =
=
1
N(d− 1) + 1
N(d−1)∑
α=0
∑
i,j
t
1
2 (|i|+|j|) ωα(|i|−|j|)|i〉〈j|
=
1
N(d− 1) + 1
∑
i,j
t
1
2 (|i|+|j|
N(d−1)∑
α=0
(
ω|i|−|j|
)α
|i〉〈j|
=
∑
i,j
δ|i|,|j| t
1
2 (|i|+|j||i〉〈j| =
∑
i,j
|i|=|j|
t|i||i〉〈j|
=
N(d−1)∑
k=0
tk
∑
i⊢k
∑
j⊢k
|i〉〈j| =
N(d−1)∑
k=0
tk |RN,d;k〉〈RN,d;k|
= ρ
Thus ρ is separable.
We are in the position to formulat the following char-
acterization
Theorem 8 Let d ≥ 2 and N be arbitrary. The state
ρ given by (8) is fully separable if and only the sequence
(pk)
N(d−1)
k=0 is a solution of the generalized moment prob-
lem.
Proof. Necessity. If ρ is separable then Tr(ρW ) ≥ 0
for every entanglement witness for D-symmetric systems.
For a system (sk)0≤k≤⌊N(d−1)/2⌋ of complex numbers let
us consider the entanglemnet witness V(s) given by (16)
in Proposition 4. Then we have
Tr(ρV(s)) =
⌊N(d−1)/2⌋∑
k,l=0
sksl
N(d−1)∑
j=0
pj |〈 ˜RN,d;k+l, RN,d;j〉|
2
=
⌊N(d−1)/2⌋∑
k,l=0
skslpk+l
Since it is nonnegative for every choice of complex
numbers (sk), the Henkel matrix (pk+l)0≤k,l≤⌊N(d−1)/2⌋
is positive semidefinite. Similarly, using the witness
U(t) given by (17) one can show that the Henkel ma-
trix (pk+l+1)0≤k,l≤⌊(N(d−1)−1)/2⌋ is positive definite too.
Hence, due to Theorem 5 we conclude that the sequence
(pk) is a solution of the generalized moment problem.
Sufficiency. Assume that (pk) is a solution of the gen-
eralized moment problem. Thus, there are a positive
measure σ supported on [0,∞) and a constant M ≥ 0
such that conditions described in (18) are satisfied. For
t ≥ 0, let
ρt =
N(d−1)∑
k=0
tk|RN,d;k〉〈RN,d;k|
Then, it follows from (18) that
ρ =
∫ ∞
0
ρtdσ(t) +M |RN,d;N(d−1)〉〈RN,d;N(d−1)|
Observe that |RN,d;N(d−1)〉〈RN,d;N(d−1)| = |d − 1〉〈d −
1|⊗N ,so it is a fully separable state. Moreover, accord-
ing to Proposition 7, each ρt is also a separable state.
Consequently, ρ is separable too.
IX. SEPARABILITY OF DIAGONAL
RESTRICTED DICKE STATES VS PPT
PROPERTY
Our aim is to prove the following main theorem
Theorem 9 Assume that d ≥ 2 is arbitrary and N is
even. Let ρ be a state given by (8). The following condi-
tions are equivalent:
(a) ρ is fully separable
(b) ρ is m-PPT for m = N2
(c) The sequence (pk)
N(d−1)
k=0 is a solution of the general-
ized moment problem.
Moreover, if d = 2 and N is odd the above conditions are
also equivalent for m = N−12 .
Let us note that the above equivalence was proved for
d = 2, i.e. for qubits, in [1].
Proof of Theorem 9. Assume that N is even. Impli-
cation (a)⇒(b) is obvious. Implication (b)⇒(c) a con-
sequence of part (i) of Theorem 6 and Theorem 5. The
implication (c)⇒(a) is nothing but the “if” part of The-
orem 8.
Now, let d = 2, N be odd and N = 2m + 1. One
should show the implication (b)⇒(c). Due to part (ii) of
Theorem 6, m-PPT property of ρ is equivalent to posi-
tive definiteness of matrices (pi+j)
m
i,j=0 and (pi+j+1)
m
i,j=0.
The rest follows from Theorem 5.
On the contrary to the case d = 2, if N is odd then
N−1
2 -PPT property does not imply full separability of ρ
for d ≥ 3. We provide the following counterexample.
Let N = 3 and d = 3. Consider a state ρ =∑6
k=0 pk|D3,3;k〉〈D3,3;k| where
(pk)
6
k=0 =
(
1,
1
4
,
1
8
,
1
9
,
1
8
,
1
4
, 1
)
.
Observe that ρ is a 1-PPT state. Indeed, one can easily
check that matrices
 p0 p1 p2p1 p2 p3
p2 p3 p4



 p1 p2 p3p2 p3 p4
p3 p4 p5



 p2 p3 p4p3 p4 p5
p4 p5 p6


are positive semidefinite. According to Theorem 6(b) it
follows that ρ has 1-PPT property. On the other hand
one checks that the determinant of a matrix

p0 p1 p2 p3
p1 p2 p3 p4
p2 p3 p4 p5
p3 p4 p5 p6


7is negative, hence it is not positive semidefinite. It follows
from Theorem 8 that ρ is not separable.
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APPENDIX
A. Proof of Proposition 4
Since PD|R˜N,d;k〉 = |R˜N,d;k〉 for every k, it is clear
that both V(s) and U(t) are D-symmetric. To complete
the proof we show that Tr(V(s)ρ) ≥ 0 and Tr(U(t)ρ) ≥ 0
for every pure separable D-symmetric state ρ. It follows
from Proposition 2 that ρ = |ξ〉〈ξ|⊗N where ξ ∈ Cd is
either of the form (11) or (12). If |ξ〉 = |d − 1〉, then
ρ = |d− 1〉〈d− 1|⊗N = | ˜RN,d;N(d−1)〉〈 ˜RN,d;N(d−1)|. Thus
Tr(V(s)ρ) = 〈 ˜RN,d;N(d−1)|V(s)| ˜RN,d;N(d−1)〉
=
{
|sn1 |
2 if N(d− 1) is even,
0 if N(d− 1) is odd,
and
Tr(U(t)ρ) = 〈 ˜RN,d;N(d−1)|U(t)| ˜RN,d;N(d−1)〉
=
{
0 if N(d− 1) is even,
|sn2 |
2 if N(d− 1) is odd,
Notice, that in all cases we got nonnegative numbers
If |ξ〉 is of the form (12) then ρ = CNz
∑
i,j z
|i|z|j||i〉〈j|
for some z ∈ C. Hence
Tr(V(s)ρ) =
= CNz
∑
i,j
z|i|z|j|
n1∑
k,l=0
sksl〈j| ˜RN,d;k+l〉〈 ˜RN,d;k+l|i〉
= CNz
n1∑
k,l=0
sksl|z|
2k+2l
= CNz
∣∣∣∣∣
n1∑
k=0
sk|z|
2k
∣∣∣∣∣
2
≥ 0.
Analogously, one shows that
Tr(U(t)ρ) = C
N
z |z|
2
∣∣∣∣∣
n2∑
k=0
tk|z|
2k
∣∣∣∣∣
2
≥ 0.
B. PPT property for permutationally symmetric
states
The aim of this subsection is to show that for permuta-
tionally symmetric states the PPT property depends only
on the number of subsystems being transposed. More
precisely, let (m1, . . . ,mN) and (m
′
1, . . . ,m
′
N ) be two bi-
nary systems such that m1 + . . .mN = m
′
1 + . . . +m
′
N .
We show that a permutationally symmetric state ρ is
(m1, . . . ,mN )-PPT state if and only if it is (m
′
1, . . . ,m
′
N )-
PPT. To this end, for a permutation σ ∈ SN denote by
Fσ an operator on (C
d)⊗N acting as Fσ|ξ1, . . . , ξN 〉 =
|ξσ−1(1), . . . , ξσ(N)〉.
Let ρ has (m1, . . . ,mN)-PPT property. Since m1 +
. . .mN = m
′
1 + . . . + m
′
N , there is a permutation σ
of the set {1, . . . , N} such that m′k = mσ(k) for every
k = 1, . . . , N . Since ρ is permutationally symmetric,
FσρF
∗
σ = ρ. Thus, one gets
Tm
′
1 ⊗ . . .⊗ Tm
′
Nρ = Tm
′
1 ⊗ . . .⊗ Tm
′
NFσρF
∗
σ
= Tmσ(1) ⊗ . . .⊗ Tmσ(N)FσρF
∗
σ
= Fσ
[
Tm1 ⊗ . . .⊗ TmNρ
]
F ∗σ .
Finally, as Tm1 ⊗ . . . ⊗ TmNρ is positive semidefinite,
Tm
′
1 ⊗ . . .⊗ Tm
′
Nρ is positive semidefinite too.
C. Proof of equality (20)
Let ρ be giben by (19) and Γm be the partial transpo-
sition of the first m subsystems. For an N -tuple i let im
8and im denote respectively the m-tuple of first m coor-
dinates of i and the (N −m)-tuple of last coordinates of
i, i.e. im = (i1, . . . , im) and i
m = (im+1, . . . , iN). Then
one has
Γm(ρ) =
N(d−1)∑
k=0
pk
∑
i⊢k
∑
j⊢k
|jm, i
m〉〈im, j
m|
=
N(d−1)∑
k=0
pk
∑
i,j
|im|+|j
m|=k
|jm|+|i
m|=k
|im, i
m〉〈jm, j
m|
=
∑
i,j
|im|−|im|=|j
m|−|jm|
p|im|+|jm||im, i
m〉〈jm, j
m|
=
(N−m)(d−1)∑
s=−m(d−1)
∑
im,jm
max{0,−s}≤|im|,|jm|≤min{m(d−1),(N−m)(d−1)−s}
p|im|+|jm|+s|im〉〈jm| ⊗
⊗
∑
im,jm
|im|=|im|+l
|jm|=|jm|+l
|im〉〈jm|
=
(N−m)(d−1)∑
s=−m(d−1)
min{m(d−1),(N−m)(d−1)−s}∑
k,l=max{0,−s}
pk+l+s
∑
im,jm
|im|=k
|jm|=l
|im〉〈jm| ⊗
∑
im,jm
|im|=k+s
|jm|=l+s
|im〉〈jm|
=
(N−m)(d−1)∑
s=−m(d−1)
min{m(d−1),(N−m)(d−1)−s}∑
k,l=max{0,−s}
pk+l+s|Rm,d;k, RN−m,d;k+s〉〈Rm,d;l, RN−m,d;l+s|
=
(N−m)(d−1)∑
s=−m(d−1)
As,
where As are defined as in (21).
